Photonic topological insulators are optical structures supporting robust propagation of light at their edges that are topologically protected from scattering. Here we propose the concept of plasmonic topological insulators (PTI) that not only topologically protect light at the lattice edges but also enable their confinement and guidance at the deepsubwavelength scale. The suggested PTI are composed of an evanescently coupled array of metallic nanowires that are modulated periodically along the light propagation direction. The intrinsic loss associated with the PTI is found not to deteriorate their topological protection on the edge modes. The proposed PTI may find interesting applications in nanophotonics, where the tolerance to the fabrication disorders for device applications are essential. However, most photonic topological insulators so far proposed are dielectric structures. Consequently, the light flow supported by them are diffraction limited; namely, the transversal size of these topological edge modes is limited by the light wavelength. This diffraction limitation hinders the potential applications of topological photonics into nanophotonics, where the miniaturization and integration of photonic devices call for confining and manipulating optical energy at the nanoscale.
Recent years have witnessed a growing interest in the study of photonic topological insulators [1] . Photonic topological insulators are optical materials of a nontrivial topological phase that prohibit light transmission in their interiors but allow propagation along their edges. These edge states are robust against structural defects or disorders due to the protection from the structural topology. Topological edge states have been predicted [2] and observed [3] in gyromagnetic photonic crystals, semiconductor quantum wells [4] , arrays of coupled resonators [5, 6] , metamaterial superlattices [7] , helical waveguide arrays [8] [9] [10] , and polariton microcavities [11] , where various physical mechanisms are proposed to provide topological protection. Photonic topological insulators open new possibilities for realizations of robust photonic devices such as optical isolators, waveguides, interconnects, and delay lines, where tolerance to disorder is essential.
However, most photonic topological insulators so far proposed are dielectric structures. Consequently, the light flow supported by them are diffraction limited; namely, the transversal size of these topological edge modes is limited by the light wavelength. This diffraction limitation hinders the potential applications of topological photonics into nanophotonics, where the miniaturization and integration of photonic devices call for confining and manipulating optical energy at the nanoscale.
It has been well established that the diffraction limitation could be circumvented by the use of the surface plasmon polaritons (SPPs) of metallo-dielectric nanostructures [12] . For example, by using SPP modes of metallic nanowires [13, 14] or chains of resonantly coupled metallic nanoparticles [15] , one can spatially confine and guide light energy over distances much smaller than the wavelength. However, all these plasmonic nanostructures are topologically trivial; thus, their supported SPP modes, although deep subwavelengthed, experience serious backscattering upon fabrication disorders.
We call attention that, compared to that in conventional optics, the tolerance to fabrication-induced disorder in nanophotonics is an even more essential issue, as the features of nanostructures are often 50-100 nm, and any deviations from the designed dimensions are high. Thus, while on the one hand researchers are pushing the state-of-the-art fabrication technologies to their limits, on the other hand a strategy immune to fabrication disorders is in great demand. This demand calls for a research pushing the topological photonics into the nanoworld, namely, topological nanophotonics.
We thus propose the concept of the plasmonic topological insulators (PTIs) to topologically protect the subwavelengthsize SPPs. The PTIs suggested in this study are a plasmonic counterpart of the so-called Floquet photonic topological insulators [8] [9] [10] , where the longitudinal modulation of the structures breaks time-reversal symmetry, creating one-way plasmonic modes at the lattice edges that are immune to the structural imperfections. Furthermore, we find that the plasmonic lattices can maintain the topology phase until a hypothetical dissipation at least one order larger than the realistic value destroys the topological gap. We note that a very recent paper [16] addresses plasmonic topological modes of graphene in a magnetic field in the infrared frequency range; however, the confinement and guidance of light at the subwavelength scale and the influence of plasmonic dissipation on the topological protection have not been addressed there, while these are exactly the focus of the present work.
While the concept of PTIs is general, we consider a specific realization of PTIs on the basis of two-dimensional metallic nanowires arranged into the honeycomb lattices in transverse direction x and y [ Fig. 1(a) ]. Metallic nanowires are analogs of optical fiber, but they guide light energy in the form of SPP modes with nanometer-scale cross-sections [13] . Here we assumed that the radius a of the nanowires and their separation distance d is much smaller than the light wavelength λ, and the nanowires accommodate only the fundamental SPP mode [13, 14] . These nanowires are coupled to each other through the evanescent tails of their SPP modes, and this enables a coupled-mode theory (CMT) analysis that will be used below.
The topology character is introduced into the plasmonic lattices by periodically modulating the nanowires along the direction z with a period Z in the following way: in the first Z ∕3 section of each period Z , namely, for z mZ ; m 1∕3Z m 0; 1; 2; …, the distance between nanowires A and B in the west-east direction is modulated such that their distance is given by
0 ∕Z with z 0 z − mZ . Here d 0 is the distance of the nearest adjacent nanowires in the unmodulated structure and δ the modulation amplitude. We assume the modulation is sufficiently weak (δ ≪ 1) so that SPP modes propagate adiabatically along the slowly bending nanowires. Notice that, at the end of the first Z ∕3 modulation section (z 0 Z ∕3), d 1 d 0 , so the deformed honeycomb lattice returns to its ideal pattern in the transverse plane. Subsequently, in the second Z ∕3 section (z m 1∕3Z ; m 2∕3Z ), the distance of nanowires in the southwest direction is given by
0 ∕Z with z 0 z − m 1∕3Z , and again at the end of this section d 2 d 0 , and the lattice restores its ideal honeycomb pattern; finally, for z m 2∕3Z ; m 1Z , the distance of nanowires A and B in the northwest is modulated according to
0 ∕Z where z 0 z − m 2∕3Z . This makes a full cycle of modulation, and afterwards a new cycle starts.
Our analysis starts from CMT, which was developed in [14] for coupled metallic nanowires. This CMT captures the full vectorial character of the TM nature of the SPP modes and also takes the plasmonic dissipation into account. By expanding the total electric and magnetic fields as a superposition of the modes of a single nanowire, and using the conjugated form of the Lorentz reciprocity theorem one obtains
where a n is the normalized mode amplitude in nanowire n, β 0 is the propagation constant of the SPP mode, and K nm is the coupling coefficient between nanowire m and n [14] . We considered the nanowires are made of Ag and used the Drude model
(ω p 13.7 × 10 15 rad∕s and γ 0 2.7 × 10 13 rad∕s [17] ). Setting a n ψ n ke ik·r n recasts Eq. (1) into the form of
where H nm β 0 for m n and H nm K nm e ik·r nm for m ≠ n. k k x e x k y e y is the transversal Bloch wavevector, and r nm is the displacement from nanowire n to m. As the HamiltonianĤ of system (2) is z-dependent, there are no static eigenmodes. Instead, the usual bandstructure of the static lattices is replaced by the quasi-energy bands β βk, which can be determined from an effective HamiltonianĤ eff throughĤ eff kjϕki βkjϕki [8] . k;zdz . The quasi-energy bandstructure is shown in Fig. 1 . For static lattices two bands intersect conically at the so-called Dirac points [ Fig. 1(c) ], whereas for modulated lattices a bandgap opens [ Fig. 1(d) ]. The calculation of the Chern number (a topological invariant) [1, 2] shows that the Chern number of the two bands for static lattices are both zero, while for modulated lattices it is 1 and −1, respectively. This means that the structural longitudinal modulation transforms the plasmonic lattice from a topologically trivial structure into a nontrivial one. As a result, when terminating such PTIs one expects in the bandgap the appearance of the chiral edge states, as indeed shown below.
The termination of the honeycomb lattices may result in zigzag [ Fig. 1(a) , left and right edges], armchair [ Fig. 1(a) , top and bottom edges], and bearded edges. The band structure for these edged structures is calculated by using a unit cell that is periodic in one transverse direction and finite (contains 40 sites in our calculation) in the other. The bandstructure for zigzag edges is shown in Figs. 2(a) and 2(b) , for static and modulated lattices, respectively. Owing to the modulation, two edge states that are degenerated in the static system are nondegenerated; they acquire topological features so that the mode from the red branch from Fig. 2(b) occurs at the left side of the lattice and propagates downward, while that from cyan branch occurs at the right side and propagates upward. Similarly, topological edge modes are also observed at armchair edges when the underlying structure is modulated [ Fig. 2(d) ]. However, note that for armchair edges no edge modes occur in the static structure [ Fig. 2(c) ], in contrast to the zig-zag edged cases where even the static structure accommodates edge modes [ Fig. 2(a) ]. Finally, we mention that bandstructure and mode properties for bearded edges are analogous to those for zig-zag edges, so we do not discuss bearded edges separately in here.
We measure the degree of localization of these plasmonic edge modes, using the effective width defined by
, with
−L y ∕2 jH j 2 dxdy being the x coordinate of the mode mean central position. As an example, we select the edge modes from the center of the topological gap and plot their W eff versus δ in Fig. 2 (e). It shows that the width of the armchair-edged mode quickly decreases with the modulation strength, so that the mode is already subwavelength-sized for a moderate modulation depth δ 6%. Importantly, owing to SPP mode nature of these edge modes, their localization is not limited by diffraction and can go well below the wavelength. This point is even more profound for edge modes associated with zig-zag edges, as they are deep-subwavelengthed in the whole range, regardless of δ [ Fig. 2(e) ]. The different dependence of mode size on δ between these two edges is connected to the fact that, when the lattices are static, the edge modes already occur at the zig-zag edges while not at the armchair ones, as shown in Figs. 2(a) and 2(c) and discussed above. It should be emphasized that for all results shown above the metallic losses are taken into account. Despite this, as the imaginary part of metallic permittivity is typically one or two orders smaller than its real part (e.g., ϵ m −125.39 2.84i at λ 1550 nm, or, −20.07 0.19i at λ 632 nm), the loss influences are insignificant, as far as the bandstructure is concerned. For example, for structures with intrinsic γ 0 , the quasi-energy is a complex value, but its imaginary part [ Fig. 2(f ) ] is found to be two orders smaller than its real counterpart [ Fig. 2(b) ], and the band diagram (real part) shows no visible difference with that calculated for lossless structure. However, it is important to ask how the plasmonic losses affect the topological properties of the PTIs, and under which loss level the plasmonic edge modes are no longer topologically protected.
To tackle this important problem, we momentarily take the imaginary part of the metallic dielectric constant, controlled by γ, as a tunable parameter, and study how the increasing γ affects the edge band structure. As an example, for a fixed modulation δ 0.1, the evolution of the band structure with γ starting from its realistic value, γ γ 0 to hypothetical values 35γ 0 and 70γ 0 , is shown in Figs. 2(b), 3(a) , and 3(b), respectively. One finds that the topological bandgap that was induced by z-modulation gradually shrinks with γ and eventually vanishes when γ γ c , where edge modes become degenerate again and the PTI returns to a trivial phase. The restoration of trivial topological phase is maintained with a further increase of γ [ Fig. 3(c) ]. Importantly, despite a high metallic loss, before gap closure, we find that the lattice maintains its topological protection on its edge modes, as clearly demonstrated in Figs. 4(a)-4(c): the edge mode propagates along the lattice edge so robustly that it even bypasses a strong surface defect! Using the propagation in the trivial lattice as a comparison [Figs. 4(d) and 4(e)], we find that the power transmission through the defect in the modulated lattice versus that in the unmodulated lattice is ∼100, while the power reflection between these The critical γ c value above that the plasmonic lattices transform from topological nontrivial into trivial ones is shown in Fig. 3(d) , as a function of light wavelength. We note that γ c is typically one order (at short wavelength regions) or even two orders (at long wavelength regions) higher than the realistic value, and this guarantees the topology robustness of the realistic PTIs. Finally, we note that the metallic dissipation significantly reduces the propagation distance of the edge mode so that observing the topological protection in PTI is quite challenging.
Finally, we show in Fig. 5 a possible excitation scheme of the deep subwavelengthed and topologically protected plasmonic edge mode from a relatively broad beam. The input condition here is a superposition of SPP modes of the individual nanowires, with a λ-width Gaussian envelope centered at the lattice edge, imposed with a phase tilt expik y y (k y 0.95π∕L y ). The figure shows that the input beam splits into two sub-beams over a propagation distance of just 32 μm ≈8Z , one strongly localizing at the edge and propagating steadily there, the other penetrating into the bulk. Interestingly, the figure shows that the edge mode propagates upward while the bulk modes moves down as a whole, indicating different group velocity between these two. This confirms that the excited edge mode corresponds to the mode from the cyan branch of Fig. 2(b) , with a wavevector k y < π∕L y , which is in full collaboration with our above-reported eigenmode analysis.
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